In this article, we study the perturbational method to construct the non-radially symmetric solutions of the compressible 2-component Camassa-Holm equations. In detail, we first combine the substitutional method and the separation method to construct a new class of analytical solutions for that system. In fact, we perturb the linear velocity:
could apply the Hubble's transformation
to simplify the ordinary differential system involving (a(3t), b(t), ρ 2 (0, t)). After proving the global or local existences of the corresponding dynamical system, a new class of analytical solutions is shown. And the corresponding solutions in radial symmetry are also given. To determine that the solutions exist globally or blow up, we just use the qualitative properties
Introduction
The 2-component Camassa-Holm equations of shallow water system can be expressed by 
Here u = u(x, t) ∈ R and ρ = ρ(x, t) ≥ 0 are the velocity and the density of fluid respectively. The constant σ is equal to 1 or −1. If σ = −1, the gravity acceleration points upwards [2] , [3] , [8] , [10] and [9] . For σ = 1, the researches regarding the corresponding models could be referred by [4] , [6] , [10] and [8] . When ρ ≡ 0, the system returns to the Camassa-Holm equation [1] . The searching of Camassa-Holm equation can capture breaking waves. Peaked traveling waves is a long-standing open problem [17] .
In 2010, Yuen used the separation method to obtain a class of blowup or global solutions of the Camassa-Holm equations [22] and Degasperis-Procesi equations [23] . In particular, for the integrable system of the Camassa-Holm equations with σ = 1, we have the global solutions:
where η = x a(s) 1/3 with s = 3t; ξ > 0 and α ≥ 0 are arbitrary constants. [22] Meanwhile, the isentropic compressible Euler equations can be written in the following form:
As usual, ρ = ρ(x, t) and u = u(x, t) ∈ R N are the density and the velocity respectively with
For some fixed K > 0, we have a γ-law on the pressure P = P (ρ), i.e.
with a constant γ ≥ 1. For solutions in radially symmetry:
ρ(x, t) = ρ(r, t) and u(x, t) = x r V (r, t) =:
where the radial r =
the compressible Euler equations (7) become,
Recently, there are some researches concerning the construction of solutions of the compressible
Euler and Navier-Stokes equations by the substitutional method [12] , [13] , [18] and [14] . They assume that the velocity is linear:
and substitute it into the system to derive the dynamic system about the function c(t). Then they use the standard argument of phase diagram to drive the blowup or global existence of the ordinary differential equation involving c(t).
On the other hand, the separation method can be governed to seek the radial symmetric solutions by the functional form:
( [7] , [15] , [5] , [12] , [18] , [19] , [20] and [21] )
It is natural to consider the more general linear velocity:
to construct new solutions. In this article, we can first combine the two conventional approaches (substitutional method and separation method) to derive the corresponding solutions for the system. In fact, the main theme of this article is to substitute the linear velocity (13) into the Camassa-Holm equations (4) and compare the coefficient of the different polynomial degrees for deducing the functional differential equations involving (c(t), b(t), ρ 2 (0, t)). Then, we can apply the Hubble's transformation
withȧ(3t) := da(3t) dt , to simplify the functional differential system involving (a(3t), b(t), ρ 2 (0, t)).
After proving the local existences of the corresponding dynamical system, we can show the results below:
Theorem 1 For the 2-component Camassa-Holm equations (4), there exists a family of solutions,
where a 0 , a 1 , b 1 , b 2 and α are arbitrary constants.
We remark that the above solutions (15) fully cover the previous known results [22] by the separation method by choosing b 0 = b 1 = 0.
Perturbational Method
The proof for Theorem 1 requires the standard manipulation of algebraic computation only:
Proof. The momentum equation (4) 2 , becomes
First, we perturb the velocity with this following functional form:
where b(t) and c(t) are the time functions determined later.
As the velocity u (17) is linear:
it can be simplified to be
Then, we take integration from [0, x] to have:
On the other hand, for the 1-dimensional mass equation (4) 1 , we obtain
Here, we multiple ρ on both sides to have
After that, we can substitute equation (24) into equation (26):
By comparing the coefficients of the polynomial, we require the functional differential equations involving (c(t), b(t), ρ 2 (0, t)):
ḃ(t) + 3b(t)c(t)] + 3c(t)[ḃ(t) + 3b(t)c(t)] + b(t)[ċ(t) + 3c
For details (existence, uniqueness and continuous dependence) about general functional differential equations, the interested reader may refer to the classical literatures [11] and [16] .
For solving the above ordinary differential system (33), we initially solve equation (33) 3 about the function c(t). Here we let the function c(t) be expressed with the Hubble's transformation:
whereȧ(3t) := da(3t) dt and the function a(3t) could be determined later.
It is transformed to be
Then, we multiple a 2 (3t) on both sides to have:
It can be reduced to the second-order Emden equation:
where ξ := a
0 a 2 is an arbitrary constant by choosing a 2 .
We remark that the well-known Emden equation is well studied in astrophysics and mathematics.
Next, for the second equation (33) 2 about b(t) of the functional differential system, we could further simply it in terms of the known function a(3t):
with the Emden equation (40).
We denote f 1 (t) = 6ȧ to have
Therefore, when the functions f 1 (t) and f 2 (t) are bounded, that is
with some constants F 1 and F 2 , provided that the functions 1 a(3t) andȧ(3t) exist, the functions b(t) andḃ(t) can be guaranteed for existing by the comparison theorem of ordinary differential equations [17] .
Lastly, for the first equation (33) 
terms of functions 1 a(3t) , a(3t), b(t) andḃ(t) provided that they exists, to solve
The formula of the first-order ordinary differential equation (46) is
where
Therefore, we have the density function from equation (24):
For ρ(x, t) ≥ 0, we may set
In conclusion, we have the corresponding functional differential equations (15) to be the solutions of Camassa-Holm equations.
The proof is completed.
We notice that the above solutions are not radially symmetric for the density function ρ with b(t) = 0. Thus, the above solutions, cannot be obtained by the separation method of the self-similar functional [22] , as
)g(a(3t)) and u(x, t) =ȧ (3t) a(3t)
x + b(t).
On the other hand, for the 2-component Camassa-Holm equations in radial symmetry with linear velocity u(r, t):
we may replace equation (22) to have the corresponding step by taking the integration from [0, r]
It is clear for that the rest of proof is similar to have the corresponding result for the solutions in radial symmetry:
Theorem 2 For the 2-component Camassa-Holm equations in radial symmetry (4) , there exists a family of solutions,
where a(3t) and b(t) are the solutions of equations (15) 
Blowup or Global Solutions
To determine that the solutions are global or local only, we can use the corresponding lemma about 
(2) if ξ = 0, with a 1 < 0, the solution a(t) blows up in the finite time:
(3) otherwise, the solution a(t) exists globally.
We observe that it is the same lemma for the function a(s) with s = 3t by the separation methods in [22] . Therefore, the proofs can be found in Lemma 3 of [22] .
The gradient of the velocity in solutions (15) and (54), is ∂ ∂x u(x, t) = ∂ ∂r u(r, t) =ȧ (3t) a(3t) .
When the function a(t) blows up with a finite time T , ∂ ∂x u(x, T ) also blows up at every point x.
And based on the above lemma about the Emden equation for a(t), it is clear to have the corollary below:
Corollary 4 (1a) For ξ < 0, solutions (15) and (54) blow up in a finite time T ;
(1b) For ξ = 0, with a 1 < 0, solutions (15) and (54) blow up in the finite time:
(2) otherwise, solutions (15) and (54) exist globally.
